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Let RT(n), ED(n) and EOG(n) be the number of labelled regular tournaments, labelled loop-
free simple Eulerian digraphs, and labelled Eulerian oriented simple graphs, respectively, on n
vertices. Then, as n — oo,

+1\ (n—-
RT(n) = (2:n )(n 1)/2n1/ze—1/2(1+O(n—1/2+e)) (n 0dd),
ED(n) = (%’;})(n—l)/?nl/ze—lﬂ(l+O(n—1/2+s)), and
n+1l.\ (n—
EOG(n) = (347; )( 1)/'A’nl/'ze-.3/a(1 +O(n_1/2+€)),

for any € > 0. The last two families of graphs are also enumerated by their numbers of edges. The
proofs use the saddle point method applied to appropriate n-dimensional integrals.

1. Introduction

A tournament is a digraph in which, for each pair of distinct vertices v and w,
either (v, w) or (w,v) is an edge, but not both. A tournament is regular if the in-
degree is equal to the out-degree at each vertex. Let RT(n) be the number of labelled
regular tournaments with n vertices. It is easy to see that RT(n) = 0 if n is even.

By an eulerian digraph we mean a digraph in which the in-degree is equal
to the out-degree at each vertex. (Thus, the regular tournaments are exactly the
eulerian tournaments.) Let ED(n) be the number of labelled loop-free simple eulerian
digraphs with n vertices. Allowing simple loops would multiply FD(n) by exactly
2", since loops do not affect the eulerian property. Let EOG(n) be the number of
labelled loop-free simple eulerian digraphs in which at most one of the edges (v, w)
and (w,v) are permitted for any distinct v and w.

In this paper we determine the asymptotic values of RT'(n), ED(n) and EOG(n),
and the last two classes by their numbers of edges (within limits). The method in
each case will be the same: we identify the required quantity as a coefficient in an
n-variable power series, and estimate it by applying the saddle-point method to the
integral provided by Cauchy’s Theorem. Since the parameter which is tending to
00 is the number of dimensions, the application of the saddle-point method has an
analytic flavour different from that of most fixed-dimensional problems. In particular,
the choice of contour is trivial but substantial work is required to demonstrate that
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the parts of the contour where the integrand is small contribute negligibly to the
result. For another calculation similar to those here, see McKay and Wormald [4].

Exact values of RT(n) for n < 21, ED(n) for n < 16 and EOG(n) for n < 15
can be found in [2]. They are in excellent agreement with our estimates, if we note
that the values of ED(n) given in [2] do not permit loops (contrary to the claim
made there). Exact formulas for RT(n) and ED(n) can be found in [1]. However,
they involve multiple summations over roots of unity and do not seem suitable for
asymptotic analysis.

The only previous directly related results that we are aware of are due to Joel
Spencer [5]. In particular, Spencer evaluates RT'(n) to within a factor of (1+ o(1))".

2. An integral

In this section we will evaluate an n-dimensional integral which occurs in each
of the estimations we wish to perform. We will need the following lemma, which is
well known.

Lemma 2.1. The surface area of the n-dimensional sphere of radius p is
2n/2 "1 [ P(nf2). ]

For t > 0 and n > 1, define Up(t)={(z1,Z2,...,2n) € R™] |z;] <t for 1<i<n}.

Theorem 2.1. Let a, b and c be real numbers with a > 0. Let 0 < e < 1/8, and let
n > 2 be an integer. Define

J = J(a,bn) =

/exp(.—a D (B840 Y- (oj—ek)4+%( > (oj—ek)"’)g) aé’,

1<i<kLn 1<j<k<n 1<j<k<n

wﬁere the integral is over @' = (61,0,,...,6ph—1) € Un_l(n_l/”E) with 6, = 0.

Then, as n-— oo,
1/2((1”)(" 1/2 xp(66+ (n _1/2+4e))

Proof. Define V = Un_l(n"i/ 2+£).  We begin by approximately diagonalising
the integrand. ,Let T:R™ ' . R™ ! he the linear transformation defined by
T:8 —y=(i,v-..:yn—1), where

n—1
Y= 6]' - Zﬁk/(n+nl/2)

k=1

for 1 <j<n-1. Let Vi =T (V). For k > 1 define pp = pi(y) = E y]k Items
(1)—(5) can be verified by stralghtforward calculations:

(1) Vi={y | lyj +m/02+ 1) <n V5 for1<j<n—1}
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n—1
n_1/2 Z 0_7
j=1

(3) D (8 =.6k)* = npa.

(@) Hi

1<j<k<n
ant/? 6 n'/24+3
. 4 __ 2__ ) 2 4
(4)<§<(0] )" = npat 3 n1/2+1ﬂ1ﬂ3+(n1/2 + 1)2u1ﬂ2+(nl/2 + 1)3'“1'
1<7<kLn
(5) det(T) = n'/2.

If y € V,, it follows from (2) that |u;] < n¢ and from (1) that V; C Up—,;(2n~1/2+€),

The latter implies that u, < 4n% and pz < 8n~1/2+3€, '
Since the integrand of J is real and positive, we conclude from (3), (4) and (5)

that J = n'/2 exp(O(n~1/2+4€)) J,, where
g = /V F(y)dy, F(y)= exp(—anu, + by + 363 + cid).

Since V; C Up—1(2n~1/2+¢) we have that py < 4n~142%y, Thus

(6) F(y) = exp(—anp,(1 + O(n~1*%))).

For p > 0, define S}, = S, NV;, where S, = {y | p2 = p*}. The volume of S, is
O(1)(2me/n) = 1/2p7=2 by Lemma 2.1, and is zero if p > 2n¢. By (6),

(n—1)/2 v
M [, Fway=0w( )" 2 expl-an(n + o)
S5 n
The function g(p) = p" ?exp(—anp?(l + O(n™'*%))) has its maximum near

= (2a)"Y/2; if [p — (2a)71/2] > n~V/2+2€ and p < 2n¢, then
g
9(p) < (2ae) /2 exp(+-c,n*).
for some constant ¢; > 0. Consequently, defining
W = Unea @n7 /) 0 {y | 1/? - (20)71/2) <1/,
we have J; = Jy + A, where

e n/2
Js =/ F(y)dy, and |A| < O(n)(l)n/ exp(—e;n*t).
V1nW an
Since p2 = (2a)~2(1 + O(n~l/§‘+25)) ifyeWw,

3b+c
®  h=exp(;

+ O(n—1/2+2€))J3, where

Jy = / exp(—any, + bnp,) dy
vinw

1

= / exp(—ans + bnpy) dy — / exp(—anuy + bnuy) dy.
w W\
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Let J; and A’ denote the two integrals in (8), respectively. If V(p) denotes the
volume of (W \ V1) N S, then clearly

© axf V(p) exp(—anp®(1 + O(n™+%))) dp.
I (Za)—1/2|<n—1/2+25

We will bound V(p) with the help of a statistical argument. Let Y7,Ys,...,Yn—1 be
independent random variables with the normal density N(0, p?/n). Then

(Y'l?Y.Z’ --sYn—l)
(Y + Y2 )

Z= (Zl,Z21 ZTL—- )

is a random point on S,. From the weights of the tails of the normal and x?
distributions we find that the events |Y;| < n~YHeEj2 (1< j<n-1), |8 Y| < nf/4
and 3 sz < p?/2 occur simultaneously with probability at least 1 — exp{—c,n?¢) for

some constant ¢; > 0. However, these conditions together imply that Z € V;, by (1).
We conclude that V(p) is at most exp(—c,n*) times the volume of S,. Applying
this to (9), we obtain

nf2

exp(—can®®).

A <om(Z
<om(Z)
Finally, consider

Jy = / exp(—anyz + bny,y) dy.
Up—

. (277,‘1/'“’5)

By the same argument as before, J; = J; + A", where

4" < 0)(Z)"™" exp(-egn)

for some constant ¢; > 0 and

n 1/ 24E

/ exp(—anz® + bnz?) dz)
on—1/2+€

n—1i

—1/2+¢

o=
(/ —1/24¢ exp(—ana?)(1 + bnz* +O(n2$8))drn) -
(=

)(n 1)/( +432{) +0(n _2))

= (E)(n n/2 exp(% +0(n_1)).

Combining our estimates now leads easily to the theorem. i

I
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3. Derivation of the principal theorems

We begin with a technical lemma whose proof is too elementary to include.

Lemma 3.1.
(a) For |z| < w/2, cos(z) < exp(—z%/2).
(b) For 0 < A< 1 and any real z, |1 — A+ Acos(z)| < exp(—Ax?/2 + Azi/24). 1

We now have the necessary apparatus to perform the estimations we have
promised. In the case of RT(n) we will give the proof in detail, but in the oth-
er cases we will be content with an outline.

Theorem 3.1. As n — oo with n odd,
2(n’—1)/2e—1/2

- xr=1)/2pnf2—1

RT(n) (1 + O(n~Y2+e))

for any € > 0.
Proof. Without loss of generality, take € < 1/2. The generating function
H (z}flmk +zzt)
1€j<k<n

enumerates tournaments by the excess of out-degree over in-degree at each vertex.
Thus, RT(n) is the constant term. By Cauchy’s Theorem,

1 [i<jcken(@; 2 + 22 )
RT(Tl) = Wf".f 15J<kenty d(EleEg...dIEn, ]

ZT1Zp* Tp

where each integration is around a simple closed contour encircling the origin once
in the anticlockwise direction. Substituting z; = e'fi (1 £ j € n), we obtain

2n(n—l)/2 H
(10) RT(n)= ————1, I= / cos(f; — 6y) do,
(2m)n Un(m) 1<j<k<n
where 8 = (6,,0,...,6,). Due to the periodic nature of the integrand, we will treat

each §; as having values mod 27. Note that the integrand in (10) always lies in the
real interval [~1,1]. Also, translation of any 8; by 7 leaves the integrand unchanged
(since n is odd).

We will begin the evaluation of I with the part of the integrand which will
turn out to give the major contribution. Let I, be the contribution to I of those 8
such that either |6; — 6] < n=1/2+e/4 o 16; = 0p + 7| < n-l2e/i for 1 < j < m,
where 6; values are taken mod 27 as we stated earlier. The contributions to I; with
different values of 8, are clearly the same. Also, both the integrand and the region
of integration are invariant under translation of any 6; by 7. Thus

L= 2n7r/ cos(8; — 6) dé’,
Un_l(n—1/2+£/4) IS]'I;{.‘STL J
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where the integration is with respect to o = (61,0, ...,0n_1) with 6, = 0. Now we
can expand
H cos(f; ~ Og) = exp( Z log cos(f; — Ok)) =
1<j<k<n 1<j<k<n
1 1 ; -
(-5 3 G -0) -5 Y (6= 0 +0mTN).
1<j<k<n 1£j<k<n

Thus, by Theorem 2.1,
(n—1)/2
(11) I, = 2’"171-(2%) n-1)/ n1/26—1/2(1 + O(n—l/2+6)).

From (10) and (11) we see that I, matches our claimed value for RT(n), so we must
now show that the other parts of the integral I are negligible.

For 0 < j < 31, define the interval A; = [(j —1)7/16, jx/16]. For any 8 € Uyp(~),
at least one of the 16 intervals AU A;, A, U A, ..., AsgU A3, contains /16 or more
of the 6;. Let us suppose that this is true of Ao U 4, (thereby undercounting the
possibilities by at most a factor of 16). Define B = A3U--- U A4 U Ay U - - - U Aj.
If §; € B and 6, € Ag U Ai, then |cos(6; — ;)| < cos 7r/16) From thls it easﬂy
follows that, for suﬁimently large n, the contrlbutlon to I of all the cases where n®
or more of the 8; lie in. Bis at most exp(—c;n'*€)I; for some ¢, > 0. Thus, with
an undercount of at most 16 we can suppose that at least n — n® of the 6; lie in
Az UA U A UA U A5 U---U A, At the expense of another factor of 2™, we can
suppose that |6;] < 7/2 for a.ll j and that |6;| < 7/8 for at least n — n® of the 6;.
Now define I, ('r) to be the contribution to I of those @ such that

(i) 3n/16 < [6;| < w/2 for 7 values of 7,
(ii) |8;] < 7/8 for at least n — n® values of j, and
(iif) 7r/8 <8 < 37/16 for any other values of j.
Clearly I(r) = 0 if r > nf. If 6; and 6 are in classes (i) and (ii), respective-
ly, then |cos(f; — ;)| < cos(m/16), while if they are both in classes (i) or (iii),
lcos(8; — O)| < exp(—(8; — 6;)*/2), by Lemma 3.1(a). Using [cos(d; — ;)| < 1 for
the other cases, we find

12) L)< (") cos(r /16" Il (n — 7)),

where

1
I'(m =/ exp(—= 0: —0.)2) do, - - - db,.
W= f e (-3 X (65— 6))dss - dom

1<j<k<m

Since 6, ranges over [—3x/16,37/16] and the integrand is everywhere positive, we
can apply the transformation 7' of Theorem 2.1 (using m in place of n) to easily
obtain

3 27\ (m—1)/2
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Substituting back into (12) we find that

nE

2" " |L(r)| < |Ii| exp(~ezn + o(n))

r=1

for some c2 > 0. We conclude that the only substantial contribution must come from
the case 7 = 0.
Next, define I3(h) be the contribution to I of those @ such that

(i) |6n| < 37/186,
(i) n~1/2+e/4 < |6; — 6n] < 37/8 for h values of j, and
(iii) |6 — 6n) < n~Y/2¥€/ for the remaining values of j.
Clearly |I5(h)| < 3x|I}(h)|/16, where |I}(R)| is the same integral over 8’ with 6, = 0.
Now apply the bound cos(f; — 6x) < exp(—(6; — 6%)?/2) and transform the 6’ to y
using the transformation T of Theorem 2.1. The values of ' contributing to I;(h) for

h > 1 map to a subset of those y such that either |u;| > nf/4/2 or ly;l > n~Yzre/i o
for some j. Since the contribution to

oC o 1
/ / eXP(—an#z)dy
-0 -0

of those y is O(n)(2r/n)™ /2 exp(—csnt/?) for some ¢z > 0, we conclude that
n—1
2" 3 [I5(h)| < O(n) exp(—can/?) |1, .
h=1
The remaining case, h = 0, is covered by I,. The theorem follows. ]

In the case of ED(n) and EOG(n), we will omit the fine detail. The missing parts
of the calculations are essentially the same as the corresponding parts of Theorem
2.1.

Theorem 3.2. As n — oo,
on’-n,—1/4 ijese
3("2‘1)/26f3/8

- In—1x4(n—1)/2n/2—1

EOG(n) (14 O(n=Y/2+¢))

for any € > 0.

Proof. ED(n) is the constant term in [],<;cp<n(1+ @flxk)(l + xjxgl). Applying
Cauchy’s Theorem as in Theorem 2.1, we find

2n’—n
ED() = G /U »

Arguments similar to those of Theorem 9.1 show that the dominant contribution
to the integral comes when the ; are clustered together. (The only substantial

1 1 . ‘
(§ + 3 cos(f; — Ok)> de.

1<j<k<n
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differences are that we don’t have the invariance under translation by 7 and that we
require Lemma 3.1(b) in place of Lemma 3.1(a).) If the 6; are clustered together,
we can expand

II (2+1c08(9 Hk))—exp(—- ST @) -= > (6;-6)" )

1<j<ksn 1<j<kLn 1<J<k<'n.

and apply Theorem 2.1.
Similarly, EOG(n) is the constant term in [[;<jcp<n(l + x;lxk + zjz ).
Application of Cauchy’s Theorem gives

3n(n—1)/2
EOG(n) = /
Un(m)

1 2
2n)" (Z’; +3 cos(8; — Bk)) dae,

1<j<k<n
and the same approach yields the desired result. ]

We turn now to the enumeration of eulerian digraphs by their numbers of edges.
Define EOG(n, m) to be the number of labelled loop-free simple eulerian digraphs
with n vertices and m edges, and ED(n,m) to be the number of labelled loop-free
simple eulerian digraphs with n vertices and m edges. We will compute asymptotic
expressions for EOG(n,m) and ED(n,m) via a common generalisation. Let us call
(v, w) a type-1 edge if (w,v) is not also present, and a type-2 edge if (w, v) is present.
Thus, the pair {(v,w), (w,v)}, if both present, comprises two type-2 edges. Now
define F'(n,mi,m2) to be the number of labelled loop-free simple eulerian digraphs
with exactly m; type-1 edges and 2m, type-2 edges. Clearly EOG(n, m) = F(n,m,0)

and ED(n,m) = Zm!+2m2=m F(n,my,ms). Write N = (Z)

Theorem 3.3. Let 0 <c; <cy <1 and £ > 0. Then, as n — oo,

AN—(n-1)/2 —1/2 _
9BN—(r-1)/2,-1/ ((1 mﬂ)N)(1+O(n—1/2+e))

Wn/znn/zﬂﬂN+n/2(1 _ ﬂ)(1—ﬂ)N+1/2
uniformly for ¢y < B < c¢; and 0 < my < (1 — B)N, provided GN is an integer.

Proof. Irrespective of which SN type-1 edges are present, there are exactly

F(ny BN, mz) =

((1 :nﬁ)N) choices for the type-2 edges. Hence it will suffice to treat the case
2

my = 0. F(n,3N,0) is the coefficient of t®N 020 in

o(t,z)= [J] (1+tc; o+ tzjzt).
1<j<k<n

We will extract this coefficient by Cauchy’s Theorem, as in the previous theorems,
integrating each x; around the unit circle and ¢ around the circle of radius R, where
R = 3/(2(1 — B)). Change variables to (¢, 61,02,...,0n) by z; =€’ % and t = Re®.
By methods basically the same as those used in Theorem 3.1, we find that the integral
is dominated by the contributions where [0; — 6| < n~Y 2+e/4 for1<j<k<n
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and |¢| < n~1+€/2, We will omit the proof of this fact and proceed to the estimation
of the dominant part.

We begin by integrating with respect to ¢. Let ©(8) be the coeficient of t*V in
&(t,z). Then

o(6) = I <jck<n(l + 2R cos(6; — 6x)) /—" 5(8) do,

2n RPN
where

2R cos(8; — )

() = e~ H (L+ Xk =1)), Ajg = 14 2Rcos(6; — )

1<j<k<n

If |¢] < n~'+¢/2 and 16; — 6kl < n=1/2+€/4 for 1 < j < k < n, we have

log ¥(6) = —fiN¢ + Z (’\jkid’ - %’\jk(l - Ajk)d’z + O(n—3+3€/2)),

1€5<k<n
Y A\p=6N- %aa —-B) ). (6; -6 +0(n°), and
1<j<k<n 1<j<k<n
Y k(1= Ajp) = B(1- BN + O(n™*),
1<j<k<n
and so
log#(0) = ~3iB(1~ )6 3 (6~ 6" ~ (1~ NG + O(n™+)
1<j<k<n
Consequently,
" 2nl/? p(1 - 6) 2 —142¢
[.,r V@)= SR g op(-Zgy—( T €:-80) +0(7)),

1<j<ksn
which yields
(1+2R)Y B(L-B) 2)?
6(0) = - 0; -0
) = i Teng (1 - py/emN (- (Igggi -0
1+ 2Rcos(8; — 6;)

+ Z log( TToR ) + O(n_“'ze)).
1<j<k<n

We can now expand

| 1+ 2R cos(8; — 6f)
© ( 1+2R

and complete the proof with the help of Theorem 2.1. ]

) = _%ﬂ(ej — 0k)2 + 2—14-ﬂ(1 - 3ﬂ)(0j - Bk)4 + O(n—3+35/2)
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As earlier noted, EQG(n,m) = F(n,m,0). For large fixed n, the maximum of
EOG(n,m) occurs at m = n2/3 — n/2 + o(n). In fact, for |¢| = o(n?/?),

E'OG(n n2/3—~n/2+t) = ——3(ni+—1)/—2—exp ._.§._gn_’th+O(n—4ltl3+n—l/2+é)‘
, on=1/2gn/2pn/2 8 2 :
Summation over ¢ recovers the formula for FOG(n) in Theorem 3.2.

Theorem 3.4, Let 0 < ¢; < ¢y <2 and € > 0. Then, as n — o0,

e—1/49n’—n+1/2 (2 — a)(an—a+1)n/2

7('77'/211,"’/2(2 - a)?

ED(n,aN) = (1+ O(n—1/2+e))

«

uniformly for ¢; < a < cs.

Proof. As previously stated, ED(n,aN) =3, o o~ F(n,my, mz). From Theo-
rem 3.3, we find that the bulk of the sum comes when m, is close to m(a)N, where

m(a) = a—a?/2 — a(2 — a)/(2n).
In fact, for small ¢,
F(n,(m(a) + )N, (a — m(a) — t)N/2)
6-1/22n2_n+5/2 (2 o a)(an—a+1)n/2

= 7l.n/2+1/2nn/2+1(2 — a)”z“'?

42
n? _
X exp(—mﬁ +O0(nt)® +n 1/2+e)).

Summing this equation over those ¢ for which the third argument is an integer, we
obtain the required expression. 1

The maximum of ED(n,aN) occurs when a = 1+o(n™1). In fact, if t = o(n®/2),

e—1/agn’—n+1/2

ED(TL, N + t) = exp(_2n~2t2 + O(n—3t2 + Tl_l/2+€)).

an/2pn/2?
Summing over t recovers our formula for ED(n).

Theorem 3.1 can be used in conjunction with a theorem of Spencer [5] to derive
the asymptotic number of tournaments with a given score sequence, provided the
tournaments are not very far from being regular. With a non-trivial amount of extra
work, the proof method of Theorem 3.1 can be used to widen that estimate [3].
Similarly, asymptotic enumeration of eulerian digraphs with a given degree sequence
(not too far from regular) is definitely within reach of our methods. We hope to
return to this question in a future paper.

Acknowledgement. I wish to thank Ed Bender for some useful criticisms of an earlier
draft.
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